Numerical methods in differential equations 3

Solutions to the problems below should be prepared in the form of Matlab or Python codes
with attached flowcharts explaining your algorithms.

Problem 1. Use the shooting algorithm to approximate the solution of the following boundary
value problem with accuracy e = 0.001 at the right end of the interval. The actual solution is
given for comparison to your result.

1 2
o) y' =35y’ 1<e<2 y()= -3 y(2) =-1, yl&)=2/(x-4).
f 1 1
)y =yt —yy, 1<e<2 y()=, y(2) =7 yl@)=1/(z+1).
5 1
c) ¥ =2 —6y—22°, 1<x<2 y(l)=2, y@2) =g, yla)=a+—.

d) y// — _(y/)2 -y —|—1H$, 1 <z < 27 y(l) = O’ y(2)

DO |

For approximation of the corresponding initial value problems use the Runge-Kutta method of
order 2.

Problem 2. The maximum principle. Let Lj be an operator defined for finite sequences {U;},

j=0,1,..., N by the formula

Uj+1 — QUJ -+ Uj_1
72

Show that if the sequence {U;}, j = 0,1,..., N is such that L,U; < 0, (L,U; > 0) j =

1,2,...,N — 1 and ¢(x) > 0, then

LhUj = —

+q([[’j>Uj, j:1,2,,N—1

max U; = max{Uy, Uy,0} (minU; = min{Uy, Uy, 0}).
j j

Verify that observation in the case of the finite difference solution of the following problem

—u" +zu=0
u(0) =0, u(l) = 1.

Problem 3. Use the finite difference method to approximate the following linear boundary
value problem at the point of the uniform division a = xg < 1 < 292 < -+ < x, = b. The
actual solution is given for comparison to your result.

a)
y(0

b) ¥ =3y +2y+22x+3, 0<z<1,
)

Yy’ ——4y +4y, 0<x <1,
)

—242V/2 (—24+2v2)z
y(1) =e ,

, ylr)=e

3

y(0) =2, y(1) = —4+5e737%, y(z) = -3 + se3+E)T _ 4
c) —y —(x+1)y'+2y:—(x2+3)e:”, 0<z<1,
y(0) = =1, y(1) =0, y(z) = (x —1)e’

d) —y"(x)+ (2> + Dy(z) = (7 + 2> + D sin(nz), 0< 2 <1,
y(0)= y(1) =0, y(z) = sin(rz).



1. Plots the graphs of the exact solution y; and approximate solutions y, at the knots
{z;}o<i<n for n = 50,100, 200,400, 800.

2. Observing the error

error(h) = Imax Ypi — Ya,il

n = 50, 100, 200, 400, 800 try to determine the accuracy order of the method.

Problem 4. Use the Ritz-Galerkin method to approximate the solution to each of the following
boundary value problems. The actual solution y,(z) is given for comparison purposes.

y(0) =0, y(1) =0, yq(x)=sin(nz),

—((z +2)y) + (2* + 1)y = —sin(rz) — z cos(mx)m — (z + 2)
2) (2 cos(mx)m — wsin(mz)w?) + (2% + 1)z sin(7z)

y(0) =0, y(1) =0, yg = xsin(rx)

0 {—y”(:x) + e®y(x) = (72 + €®) sin(7z)

3) —y"(x) + (z + Dy(x) = (7 + x + 1) sin(rzx)
y(0) =0, y(1) =0, ya(x) = sin(mzx),

R —((z + 1)y) + 2y = — cos(ma)m + (x + 1) sin(mz)7? + 2% sin(7z)
y<0) =0, y(1> =0, ya= SiIl(ﬂ'SC),

As test functions take the piecewise linear continuous functions. The space Sj(A) of such
functions can be described as follows: A is a uniform partition of the interval [a, b, a = zg <

Ty < -+ < Tp < Tny1 = b, and the basis of Sj(A) consists of the hat functions ¢;(x) = (£52),
1 =1,2,...,n, where the mother function is defined as
—lz|+1, —-1<x<1
o) =11
0, z&[-1,1].

1. Plots the graphs of the exact solution y4(x) and approximate solutions y,(x) for n =
50, 100, 200, 400, 800.

2. Observing the error

b

ervoa(t) = ( f(wa(a) = ) e "

a

n = 50, 100, 200, 400, 800 try to determine the accuracy order of the method.

Problem 5. Some approximation properties of the space S3(A) (see the exercise above). Let
v(z) € Cla,b], v(a) = v(b). We define the interpolant wy,(x) = Iyv(z) € SH(A) of v(z) by the
relation

wp(z;) =v(xy), j=0,1,....n

in other words

n

wi(z) =Y v(;)d;(x).

J=1

2



Show that there exists a constant C' such that for all K; = [z;_1, ;]

. 1/2 . 1/2

a) [y —vllk, = / (Iyv(x) — v(z))dz < Ch? / v (x)*dx

ZLj—1 Lji—1

N 1/2 . 1/2
D) [[(Tnw) — o/||x, = / (Iw)'(x) — o/ (2)%dz | < Ch / o (z)da
. / !/ 1 J / /

(Hint : (Ipv)'(z) —v'(z) = 7 / v'(y) — v'(x)dy.)
Conclusion

, 1/2 X 1/2
[y — o] < B2 / o(@)de |, |[(Tw) — o] < Ch / o (z)2dz

Ilustrate the result for v(z) = sinx, 2 € [0, 7] taking consecutively h = 2747, 2757, 2767, 2777, .. ..



