4. The Fourier method for the diffusion problem

Uy = Py, + fx,t), € (0,1), t>0
uw(0,t) =u(l,t) =0; t>0
u(z,0) =v(z), e (0,1)

a?n2 _ a?n? . _ a?n? .
1. We first observe that the functions e” 2 sin (%) ce P tgin (2%) ce P72 tsin (3%) ,

cy e 9 E sin (k"l—x) ,...k=1,23, ... satisfy the homogeneous problem

Up = Uy,
uw(0,t) = u(l,t) =0

and the boundary condition

uw(0,t) = u(l,t) =0

Moreover, each sum

[o.¢]

_ k2 a27r2t . ™
E aie 2 'sin (k— ),
k=1 l

is also a solution to that problem if the sequence {a;} is sufficiently fast convergent to zero.

2. We are looking for solutions of the form

2 a?n?

u(z,t) = Zak(t)e*k 2 tsin(kw%)

If this series is sufficiently fast convergent, then the function u(z,t) can be considered as the
solution of the problem. In order to determine the coefficients ax(t) we make the following
observations

(1) w(x,t) :;aﬁc(t)ekz 2 sin (kﬂ'%) k:1— 2al: ak(t)esz 2 'sin (kﬂ'%)
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where the last expansion is obtained from the general formulas for the Fourier expansion series
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2
/fxtsm ]{771' dx//sm lmr zj/f:ctsm kﬂ'l>d
0 0



Now from the differential equation it follows that
_ k2a2x? 62022

% 2 20272 2
Z a,(t)e” = 'sin (lmr%) + Z —%ak(t)e* = 'gin (kﬂ'%) =
k=1

Oé2 i _kj;rQ ak(t . k2cl¥227f2t sin <k‘77%> + i fk(t) sin (k’ﬁ%)
k=1 k=1

A comparison of the terms in the sums above we obtain

2
kaﬂ't

(B)  a,(t)= felt)e = ' k=1,2,...
Finally

t

(6) ak(t):/fk(s)ewsds—i—ak(()), k=1,2,...

0

The coefficients a,(0) are retrieved from the initial condition as follows

v(x) = ivk sin (kﬂ'%) :
I

l
2 . x
/ sm lmr dx//sm k;wl)d 7/1}(:10) sin <k7r7> dx,
0

ap(0) = vy, k=1,2,3,.

Remark

In practise, the integral in is calculated approximately by using for example the complex
Simpson method

n

[ sloris g3 (5 + 47(riey) + i)

— Tt

where 0 =g <21 <29 < ...2p1 =1, h = (x41 — x;)/n, Tip1 5



Example. The Fourier method for the following diffusion problem.

U = Py, x € (0,1), t>0
ug(0,t) =u(l,t) =0; t>0
u(z,0) =v(z), =€ (0,1)

1. First we consider the eigenvalue problem associated with the differential equation

~—

V" (z) = M(x
(9) {v'(O) =ov(l) =0

In this problem we are looking for unknown nontrivial functions v(x) (the eigenfunctions) and
numbers A (the eigenvalue).

The characteristic equation associated to this differential problem has the following form
a2t =)\

Respectively to possible expected values of A we have to consider the following cases:

a) A > 0: then the characteristic equation has two real solutions: z = j:é\/x . Consequently
the general solution to the differential equation has the form

v(x) = Ae~aV2 4 BemaVAe

The function v(x) has to satisfy the homogeneous boundary condition v'(0) = v(l) = 0, wich
results in equations

{—gﬁfuB:o

AemaVN 4 BemaVN = 0
This system of linear equations has only one trivial solution A = B = 0.

b) A = 0: then the characteristic equation has only the trivial solution: z = 0 . Consequently
the general solution to the differential equation has the form

v(r) =Ax+ B

The function v(x) has to satisfy the homogeneous boundary condition v'(0) = v(l) = 0, wich
results in equations

A=0
A l+B=0
This system of linear equations has only one solution A = B = 0.

¢) A < 0: then the characteristic equation has two imaginary solutions: z = iéi\/—A )
Consequently the general solution to the differential equation has the form

o(x) = Acos (é\/—_)\x) + Bsin (é\/—_)\x)



The function v(x) has to satisfy the homogeneous boundary condition v'(0) = v(l) = 0, which
results in equations

%v—)\B -1 =0, which gives B =0
A - cos(Ev/=Al) =0,
which gives 1/ =\l = (k+ )7, k=0,2,3,...

Hence
the eigenvalues: A\, = —(k + 3)2a?n? /1%, k= 0,2,3,. ..
the eigenfunctions: vg(z) = cos ((k: + %)Wl—””), k=0,23,...

Now if u(z,t) = ey (x) then

uy = Ape o () = Apu

1 1
(10) uge = M) (x) = ?)\ke’\’“tvk(x) = ?)\ku(:v)

(11) {ux(O) =u(l) =0

In this way we get the series of solutions

& coS (H) , 67462?7;% coS (QH) , 679%tCOS (3H) ey e aiérztcos (k;ﬂ) ,

We are looking for a solution of the following form

. 1\ mx
_ Agt
u(z,t) = kgzo are™*" cos ((k + 5) l ) ,

To find unknown coefficients, we first expand u(zx,0) into the following Fourier series

oo

u(x,0) = v(x) = ) vy cos ((k - %> 7Tl_gc)

k=0

2 1
UkZY/U(IE)COS((k+§) WT:L.) df[', k:07172a3""
0

On the other hand



Hence it follows that ap = v, £k =0,1,2,3,... which gives

> 1\ 7z
_ At
u(z,t) = kgzo vge™* cos ((k + 5) l > :



