The Fourier method for the hyperbolic differential equations.

Let us consider the wave equation as the model problem.

Bu = o284 4 f(a,t), O0<z <, t>0,
u(0,t) =0, u(l,t) =0,
u(z,0) = h(z), 0<z <,

%zt‘(x 0)=g(x), 0<z <,

where f(x), g(x), h(z) are given smooth bounded functions.

1. We are looking for a solution of the form

o0

u(z,t) =) ag(t)sin <k7>

k=1

The the function series {sin (k%x)} has been chosen because each function sin (k”
nontrivial solution of the auxilliary problem

{w”(x) = \w(x)

)isa
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w(0) = w(l) =0.

for A =\, = —/{;27;—22, k=1,2,3,.... Moreover this is an orthogonal function series, which
means that
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If the sequence of coefficients {a(t) is sufficiently fast convergent to zero, then the function
u(z,t) can be considered as the solution of the problem. In order to determine the coefficients
ax(t) we make the observations

(1) uy(z,t) Za Sm( >

k272

2 ag(t) sin (kT)

(2)  Ugy(z,t) = Z —

(3)  fla,t) = i file)sin (k77

where coefficients f(t) are obtained from the general formulas for the Fourier expansion series
!

(4) /fxtsmlm dw//sm kwldx— /fxtsm(lmrl)d
0

Now from the differential equation it follows that

Za sin( k:7r
> k w2
k=
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a( )Slnknr +ka smknrl)
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Comparing the terms in the sum above we obtain differential equations

(5) al(t) = " ‘;‘f ar(t) + fult), k=1,2,...

which have the following solutions

The coeflicients a;(0) are retrieved from the initial condition as follows
= Z hy. sin (kw%) ,
k=1

l l l

(7)) hy= /h(x) sin (lm%) alaz://sin2 (lmr%) dx = %/h( ) sin <k7r i ) dz,

0 0 0
which gives

ak(()) :hk, k= 1,2,3,...
the coefficients a},(0) are retrieved from the initial condition as follows

= ng sin <kﬂ'§) ,
k=1

where

l l l

8) gr= /g(x) sin </€7T§) d:v//sin2 (lm%) dr = %/g( ) sin (lmr l ) dx

0 0 0

which gives
CL;C(O) = Gk, k= 1,2,3,...

Remark

In practise, the integrals in (4), (6), and (8) are calculated approximately by using for
example the complex Simpson method

[ s —hZ( F) + 4 (wy) + Fli)

where 0 =29 <2y <o < ... xpy1 =1, h = (Tiy1 — ) /n, 2, = ZitTiel
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