Lecture 05. Statistics and probability theory.
Examples of probabilities

Example. Let S = [0,1] and let f :[0,1] — R be a function satisfying the
following conditions

L f(z) =0
2. gqf(x)dm: L.

The events are subsets A C S = [0,1]. We assign the probabilities to the
events as follows

{1 dlazec A

1

P(A) = /f(:c)d:c _ /f(x)lA(:c)d:c, where  Ly(a) =¢G00
A 0

Comment. The integral above exists only for some subsets of S = [0, 1].

They are called the Borel sets. There are known non Borel sets but their

examples are very abstractive. In this example, we assume that events are

the Borel subsets of [0, 1 and only to those subsets we assign the probability.

Comment 2. If f(z) =1, then the number

1

AA) = / 14(x)dz

0

is called the Lebesgue measure of the set A. If A is the interval (a,b), then
AMA) = A(a,b)) = b— ais the length of the interval.

Example. We are shooting to the target in the shape of a circle S = {(z,y) :
r? 4+ y* < 1}. The possible outcomes are the points w = P = (z,y) € S and
the events are the subsets A C S. We assign the probabilities to the events
as follows

- m(S) T
where m(A) denotes the area of the subset A (m(S) = 7 -1% = 7). The
probability determined in this way is called the geometric probability. Let

you note that P({(x,y)}) = 0,which means that probability of hitting any
selected point is equal to zero.



Comment. Since we can determine the area m(A) of only the regular sets
A, which are called the Borel sets, the family of the events in this example
is the family of the Borel sets.

Conditional Probability

Definition. Let B be an event with P(B) > 0. Then for every event A C S
we define the conditional probability by the following formula

P(AN B)

PAIB) = —5 5

Remark 1

1. The conditional probability P(A|B) assigned to all events A C S defines
a new probability sometimes denoted as P?(A) for A C S.

2. P(A|B) = P(A) if and only if P(AN B) = P(A) - P(B) In such a case we
say that events A i B are independent.

Remark 2. Independence generally

The n events Ay, Ag, ..., A, are independent if the intersection (joint occur-
rence) of any subset of them has as its probability the product of probabili-
ties of the individual events. If you find this sentence too long and involved,
you may prefer the following symbolism. For any subset {iq,is,...,i;} of
{1,2,...,n}, we have

Of course, here the indices iy, ..., 4 are distinct and 1 < k < n.

Example. A perfect die is thrown twice. Given |[knowing| that the total
obtained is 7, what is the probability that the first point obtained is k,
1<k<67

Answer. The sample space is S = {(k1,k2) : 1 < ky, ko < 6}, we consider
the events A = {(k’, k2) 01 S ]{72 S 6} and B = {(]Cl,kz) : 1{31 + /{32 = 7}
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e all outcomes in S are equally likely, so P({(k1, k2)}) = 5] = 36



e« ANB={(k,7—k)},P(ANB) = £

P(ANnB) 1
P(AB) = ——— ==
(41B) P(B) 6
Since P(ANB) = 5z and P(A)-P(B) = g, the events A i B are independent.

Theorem 1 (total probability). Let events Hy, H, ..., H, C S, P(H;) > 0,
1 =1,2,...,n be a partition of the sample space: S = Hi UHy U---UH,
H,NH; =set for1 <i<j<n.

Then for every event A C S we have

P(A) = 3" P(A[H,) - P(H))

=1

Remark. In statistics the events H;’s are called hipothesis.

Theorem 2 (the Bayes formula). Let P(H), P(A) > 0. Then it holds

P(H|A) = P(A|H) - 35

The conditional and total probability. Examples

Example. In a batch of 1000 bulbs, the possible number of defective bulbs
is 0,1,2,3,4, or 5, all these numbers of defective bulbs are equally likely. We
randomly select 100 light bulbs. What is the probability that none of the
bulbs drawn are defective?

Answer. Let H,, k =0,1,2,...,5 be hipoteses that in the batch there are
k defective bulbs, respectively. Hipoteses Hj exhaust all possible cases and
H,NH; =0,i+# j. Let A be an event that none of the bulbs drawn are
defective. Then

1 1000 — k 1
P(H;) = =, P(A|H,) = — k=0,1,2,...
( k) 6’ ( ’ k) ( 100 ) (1100000)7 0; y &y 75

The total probability

P(A) = P(AlHo) - P(Ho) + P(A|Hy) - P(Hy) +--- + P(A|H;) - P(H5) =

1 < /1000 — &\ 1
(1000)2( 100 )6




Example. The urn contains black and white balls, in total n balls. It has
been added a white ball to the urn. What is the probability of a white ball
being drawn from the urn, if all hipotheses on the initial proportion of balls
in the urn are equally likely.

Answer. Let Hy, k = 0,1,2,...,n be hipoteses that at the beginning the
urn contained k - white balls respectively. Hipoteses Hj exhuast all possible
cases and H; N H; = (). Let A be an event that the white ball was drawn.

Then
1 k+1
P(H)= —— P(AlH)=—— k=0,1.2,...
(Hg) L (AlH}) menER 0,1,2,...,n

Total probability is

P(A) = P(A[Ho) - P(Ho) + P(A[Hy) - P(Hy) + -+ + P(A|Hy) - P(Hy) =
1

2 n+1) 1 (n+1)n+2) 1  n42

<n+1+n+1+'”+n+1 n+l 2 (n+12 2(n+1)

Some other facts useful in solving problems in probability
Fundamental combinatorial problems

An urn contains m distinguishable balls marked 1 to m, from which n balls
will be drawn under various specified conditions, and the number of all pos-
sible outcomes will be counted in each case.

e I. Sampling with replacement and with ordering: We draw n
balls sequentially, each ball drawn being put back into the urn before
the next drawing is made, and we record the numbers on the balls
together with their order of appearance. Thus we are dealing with
ordered n-tuples (as, ..., a,) in which each a; can be any number from
1 to m. The number of all possible outcomes is equal to

m”.

e II. Sampling without replacement and with ordering: We are
dealing with ordered n-tuples (ay, ..., a,) as above with the restriction
that the a; all be different. Clearly we must have n < m. The number
of all possible outcomes is equal to

mim—1)(m—-=2)...(m—n+1).
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e III. Permutation of m distinguishable balls: This is the previous
case when m = n. Thus all m balls are drawn out one after another
without being put back. The result is therefore just the m numbered
balls appearing in some order, and the total number of such possibilities
is the same as that of all possible arrangements (ordering, ranking,
permutation) of the set {1,2,...,m}. This number is called the factorial
of m and denoted by

ml=m(m—-1)...2-1.

e IV. Sampling without replacement and without ordering: Here
the balls are not put back and their ordering of appearance is not
recorded; hence we might as well draw all n balls at one grab. We are
therefore dealing with subsets of size n from a set (population) of size
m. To count their number, we will compare with Case II. where the
balls are ranged in order. Now a bunch of n balls, if drawn one by
one, can appear in n! different ways by Case III. Thus each unordered
sample of size n produces n! ordered ones, and conversely every ordered
sample of size n can be produced in this manner. For instance, if m = 5,
n = 3, the subset {3,5,2} can be drawn in 3! = 6 ways as follows:

(2,3,5), (2,5,3), (3,2,5), (3,5,2), (5,2,3), (5,3,2).
The number of all possible outcomes is equal to

<m) _m(m—D(m-2)...(m-n+1) __ ml

n! (m —mn)n!’

the number (’Z‘) is called a binomial coefficient.
Example. Formulas for the probability of the sum of the events.
e P(AUB)=P(A)+P(B)—P(ANB),

in the case of disjoint events, AN B = () this formula takes the simpli-
fied form P(AU B) = P(A) + P(B)



e P(AUBUC)=P(A)+P(B)+P(C)—(P(ANB)+P(ANC)+P(BN
C))+P(ANBNC)

e P(AJUA;UA3U---UA,) =P(A) +P(As) +---+ P(4,)—
(P(AiNA)+P(ANA3) +---+PANA)+... )+
(P(AINANA) +P(ANAsNA) +--+PANANA) +...)—

Exercise 1. We put randomly n letters into n empty addressed envelopes
(one letter into one envelope). What is the probability that no letter matched
the envelope?

Odp. For simplicity we assume that the letters are labeled with number
from 1 to n. Let A; denote the event, that the letter ¢ is in a proper envelope.
The event A; U Ay U A3 U --- U A,, denotes that at least one letter matches
an envelope. The event A = (A;UA;UA3U---UA,)¢ denotes that no letter



matched the envelope. We pass to calculations:

P(A) =1—-P(A, UA UA;U--UA,)

p(a)= 1Y
P(A) + P(Ag) 4 -+ + P(4,) = " ;!”! _ (’;) (n ;!”!%
PN A= O ;‘2)!

P(AiNAy)+P(ANA;s)+--- +P(ANA;)+

e P(Ap 1N Ay = (Z) n ;!2>! = %

(n—3)!

P(A1NA;NA3)+PANANA)+ - +PANA; N A+

—3)! 1

&m1(c>mmn!@)mmm!+@)mm@!h”)

1 1 1 1 1
— ﬂ—j‘i‘g—aﬁ-...

Exercise 2. There are n balls labeled with numbers from 1 to n. We put
them randomly into m drawers labeled with numbers from 1 to m. What is
the probability that no drawer is empty, we assume that m < n.

Answer. Let A; be an event that the drawer with a label i is empty. The
event Ay UAsUA3zU---UA,, denotes that at least one drawer is empty. The
event A = (A3 UAs UA3U---UA,,)° denotes that no drawer is empty. We



pass to calculations

P(A1NAy)+P(ANA3)+---+P(ANA)+

ot P(Apor N Ap) = @) (1 N %)”

P(AmAijk):M (1_§>”

P(AINAsNA3)+P(ANANA) +- P(A; MA; N Ag)+

)
-+ P(An2NAn1NA,) ( )(1——>

Random variable

Let S be a sample space and let P be a probability in S. Any numerical
function
X:S—=R

is called the random variable. We usually denote random variables by capital
letters near the end of the alphabet, such as X or Y.

1. Discrete random variable

A discrete random variable X has a finite number of possible values.
The probability distribution of X lists the values and their probabilities:
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Valueof X | xy 23 x3 ... =z,

Probability | p1 p2 p3 ... pn

where the probabilities p; = P{w: X(w) =a;}),1=1,2,3,...,n
The probabilities p; must satisfy two requirements:

1. Every probability p; is a number between 0 and 1.

2.pr+p2+ +p=1

Another look at distribution of the random variable X: we are interested in
P(X € A) for ACR,
X € A Z Pk,

TR EA

where A C R, in particular

P(X € (a,b)=Pla<X <b)= > p

a<x<b

When A is the infinite interval (—oo, z] for any real number x, we can intro-
duce a function of x as follows:

F(z) =P(X < z) Zpk

$k<$
This function x — F(z) is called a cumultative distribution function.

Formula for the cumulative distribution function

(0 for —co <z < 2y

D1 for r; < x < 9

p1+ P2 for o < < x3
F(x) =< p1+p2+ps for x5 < <y

pr+pet-+p fora, <z <a,
1 for z, <z < o0




Cumulative distribution function F(x)

14 - I | |
1
: —
o8 |
ol Pa
T ; ps —
02 p2
0 P ‘
" Xy ¢ X2 X3 X4 ‘

Let you note that F'(x) has the following properties:
e 0<F(z)<lforxeR
o if 1 <y, then F(z1) < F(x9), F(z) is nodecreasiing

e lim F(x)= F(xg), F(x) is right-side continuous

r—xo+

Corollary
e P(X €(a,b])=Pla< X <b)=F(b) — F(a)
e P(X=0)=P(X €{b}) = xlir&F(x) _mhj?, F(z)=F(b+)—-F(b—) =
F(b) = F(b-)
e since [a,b]={a} U (a,b],

P(X € [a,b]) =P(X =a) + P(X € (a,b]) = (
Pla) — Pa=)) + (F(b) — F(a)) = F(b) — F(a-)

e since (a.b) U {b} = (a,b], P(X € (a,b)) + P(X =b) = P(X € (a,b]) or

P(X € (a,b)) = (F(b) = F(a)) = (F(b) = F(b=)) = F(b=) = F(a)

Example. Grade distributions. North Carolina State University posts the
grade distributions for its courses online. Students in one section of English
in the spring 2006 semester received 31% A’s, 40% B’s, 20% C’s, 4% D’s,
and 5% F’s. Choose an English student at random. To “choose at random”
means to give every student the same chance to be chosen. The student’s
grade on a four-point scale (with A =4 to F' = 0) is a random variable X.
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The value of X changes when we repeatedly choose students at random, but
it is always one of 0,1, 2,3, or 4. Here is the distribution of X:

Value of X 0 1 2 3 4

Probability | 0.05 0.04 0.20 0.40 0.31

The probability that the student got a B or better is the sum of the proba-
bilities of an A and a B. In the language of random variables,

P(X >3)=P(X =3) + P(X = 4) = 0.40 + 0.31 = 0.71.
X > 3 is a shorthand for {w: X(w) > 3}, similarly X =3, X =4
{w: X(w)>3}={w: X(w)=3}U{w: X(w) =4}

We can use histograms to show probability distributions as well as distribu-
tions of data

Example. Number of heads in four tosses of a coin. What is the probabil-
ity distribution of the discrete random variable X that counts the number
of heads in four tosses of a coin? We can derive this distribution if we make
two reasonable assumptions:

e The coin is balanced, so it is fair and each toss is equally likely to give H
or T.

e The coin has no memory, so tosses are independent.

The outcome of four tosses is a sequence of heads and tails such as HTTH.
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There are 16 possible outcomes in all. These outcomes are equally likely.
Each of the 16 possible outcomes has probability 1/16. The number of heads
X has possible values0, 1,2, 3, and 4. These values are not equally likely.

X =0for (I,T,7,T), P(X =0) = L

X =1for (H,T,7,T), (T,H,T,T), (I, T,H,T) and (T,T,T,H), P(X =
1) =+
X =2for (H,H,T,T), (H,T,H,7T), (H,T,T,H), (T,H,HT), (T,H,T,H)
and (T,T,H,H), P(X =2) = &

X =3for (H,H,H,T), (H,HT, H), (HT H H) and (T, H,H,H), P(X =

4) = &

X =A4for (H H H H),P(X=4)=1

Valueof X [0 1 2 3 4

Probability | & 4 & 4 L

The fundamental characteristics of the random variable X:
e Mean value (Expected value): y=EX = ) X(w)P(w) = z1p1 +
w€ES
Top2 + -+ TnPn;s

e Variance: D?[X| = 0% = E(X — p)? = (z1 — p)?p1 + (w2 — pu)’po +
(w3 —p)?ps+- -+ (v, — 1)?pn, o is called the standard deviation of X.

Comments

Let us explicitly state a general method of calculating EX = )~ X(w) which
weS
is often expedient. Suppose the sample space S can be decomposed into

disjoint sets Ay:
A
k

in such a way that X takes the same value on each A,. Thus we may write
X(w) = xg, for w € Ay
where the x;’s need not all be different. We then have

EX =) P(Aar =) P(X =a)-a5 = Tipi+2apat--+Tapp = Y Thpy
k k k
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in the case of equally likely x}.s, k = 1,2,3,..., n all probababilities are equal
plzpzzpsz"-zpn:%. Then

/,L:EX:$1p1+x2p2+£€3p3+"'+$npn:
1 _
ﬁ($1+l’2+$3+"‘+xn>zx

0% = (z1— p)’p1 + (x2 — p)?p2 + (23 — )°p3 + -+ + (T — 1)’y =

<($1 — 2?4 (2o — 2+ (23— 2)* + -+ (20 _j)z) _

S|

n—1
.82

n

the mean value T = L (21 + 2o + - - - + ,) is equal to EX.

Arithmetic operations on the random variables. Let X and Y be to
random variables on the sample space S. Then the arithmetic operations
create new variable:

aX +bY,a,beR, X Y, X/Y, ..
Independence of the random variables X and Y

Let X and Y be two random variables with the following distributions:
pi=PX=u),i1=1,23,...,n,

¢;=PY =vy;),j=1,2,3,...,m.
If
P X=z,and Y =vy;) =piq;, 1 =1,2,3,...,n, j=1,2,3,...,m,
then the random variable X and Y are called the independent variables.
Comments
It follows from the condition above that if X and Y are independent then
P(Xe€eAandY € B)=P(X € A)-P(Y € B)

for any A, B C R.
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Example. The random variable with an infinite expected value

a random variable having the following distribution

C

PI'(X = k’) = ﬁ’

k=1,2,3,...

where the constant C is defined as

C = 1/2%.
k=1

Then the expected value

EX:Ci%:oo.

k=1

Important discrete distributions

1.

Two point discrete distribution: X : S — {0,1}, Pr(X = 0) = 1 — p,
Pr(X =1) =p, gdzie 0 < p < 1,

EX =p, D?[X] = pq

usually the event {X = 1} is called "success" and the event {X = 0} is
called "failure".

Geometrical distribution with success probability p: X : S — {0,1,2,3,...

Pr(X = k) =p(l —p)* ' gdzde 0 <p < 1k =123,..., EX = ,
D?[X] = #

Example. Suppose you toss a biased coin, with probability p for "head"
and ¢ = 1 — p for "tail" repeatedly until a head turns up. Let X denote
the number of tosses it takes until this happens, so that {X = k} means
k — 1 tails before the first head. Since then the favorable outcome is just
the specific sequence (T,7T,T,...,T, H), its probability is

—— ——

k—1
. =P(X =k) :qk_lp, k=1,2,3,4,...

The random variable X is called the waiting time, for heads to fall, or
more generally for a "success."

Binomial distribution (the Bernoulli scheme): X : S — {0,1,2,3,...,n},
Pr(X = k)= (1)p"q" ", gdzie 0 < p < 1,k =0,1,2,...,n, ¢ =1 —p,
notation: b(n, k,p) = (Z)pkq"_k, EX = np, D? [X] = npq
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Theorem 3. Let X, Xo, ..., X, : S — {0,1} be independent random
variables having the same two-point distribution Pr(X; = 0) = 1 — p,
Pr(X; = 1) =p, gdzie 0 < p < 1,7 = 1,2,...,n. Then the random
variable X = X, + Xo + -+ + X, has the binomial distribution.

Example. A die is rolled repeatedly n times. Let S, denote the number
of "sixth’s" obtained. In our notation S, = X; + Xy + --- + X,,, where
X; = 1 if the "sixth" ocurred in the i-th roll, and X; = 0 otherwise.
Our probabilistic model is the Bernoulli scheme with the probability of
"succes" p = 1/6. We find

(S, =k = (") (2 T kon2sa
Pr = n — - k 6 6 ) — Uy Ly &y dy .

The Poisson distribution with a parameter A > 0 of the random variable
X:Q0—-{0,1,2,3,...,n,... }:
Pr(X =k) =e 2, where 0 <p <1, k=0,1,2,3,...,

EX = A, D2[X] = A

15



